We present new results on the existence of multiple positive solutions of a fourth-order differential equation subject to nonlocal and nonlinear boundary conditions that models a particular stationary state of an elastic beam with nonlinear controllers. Our results are based on classical fixed point index theory. We improve and complement previous results in the literature. This is illustrated in some examples.
Introduction
The fourth-order differential equation u 4 t g t f t, u t , t ∈ 0, 1 , 1.1 arises naturally in the study of the displacement u u t of an elastic beam when we suppose that, along its length, a load is added to cause deformations. This classical problem has been widely studied under a variety of boundary conditions BCs that describe the controls at the ends of the beam. In particular, Gupta 1 studied, along other sets of local homogeneous BCs, the problem model a bar where the displacement u and the bending moment u at t 0 are zero, and there are relations, not necessarily linear, between the shearing force u and the angular attitude u at t 1 and the displacement u in two other points of the beam. In this paper we establish new results on the existence of positive solutions for the fourth-order differential equation 1.1 subject to the following nonlocal nonlinear boundary conditions:
where H 1 , H 2 are nonnegative continuous functions and α 1 · , α 2 · are linear functionals given by
involving Riemann-Stieltjes integrals. The conditions 1.5 -1.6 cover a variety of cases and include, as special cases when H 1 w H 2 w w, multipoint and integral boundary conditions. These are widely studied objects in the case of fourth-order BVPs; see, for example, 5-14 . BCs of nonlinear type also have been studied before in the case of fourth-order equations; see, for example, 15-20 and references therein.
The study of positive solutions of BVPs that involve Stieltjes integrals has been done, in the case of positive measures, in [21] [22] [23] [24] . Signed measures were used in 12, 25 ; here, as in 21, 22 , due to some inequalities involved in our theory, the functionals α i · are assumed to be given by positive measures.
A standard methodology to solve 1.1 subject to local BCs is to find the corresponding Green's function k and to rewrite the BVP as a Hammerstein integral equation of the form 
The Boundary Value Problem
We begin by considering the homogeneous BVP
of which we seek an equivalent integral formulation of the form
Due to the nature of these particular BCs, the Green's function k can be constructed as in 4 by means of an auxiliary second-order BVP, namely,
The solutions of the BVP 2.3 can be written in the form 
2.5
Therefore the function k in 2.2 is given by
In order to use the approach of 21, 25, 28 , we need to use some monotonicity properties of k. Now, since
we obtain the following formulation for the Green's function:
6s , s > t.
2.8
We now look for a suitable interval a, b ⊂ 0, 1 , a function Φ s , and a constant c Φ > 0 such that
2.9
Since k is continuous on 0, 1 × 0, 1 and k t, s > 0 for t, s ∈ 0, 1 × 0, 1 , a natural choice could be
here we look for a better Φ, since this enables us to weaken the growth requirements on the nonlinearity f. An upper bound for k is obtained by finding max t∈ 0,1 k t, s for each fixed s. Since ∂/∂t k t, s ≥ 0 for t, s ∈ 0, 1 × 0, 1 , k is a nondecreasing function of t that attains its maximum, for each fixed s, when t 1.
Therefore, for t, s ∈ 0, 1 × 0, 1 , we have 
where
We now turn our attention to the BVP 1.1 -1.6 where u : sup{|u t |: t ∈ 0, 1 }, and therefore and we work in a suitable cone in the Banach space C 0, 1 of continuous functions defined on the interval 0, 1 endowed with the usual supremum norm. Our assumptions are the following: It follows from this last hypothesis that
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The above hypotheses enable us to utilize the cone and to use the classical fixed point index for compact maps see e.g., 29 or 30 . We observe, as in 21 , that T leaves K invariant and is compact. We give the proof in the Carathéodory case for completeness.
Lemma 2.1. If the hypotheses C
Proof. Take u ∈ K such that u ≤ r. Then we have, for t ∈ 0, 1 , The proofs of the following results can be immediately deduced from the analogous results in 21 , where the proofs involve a careful analysis of fixed point index and utilize order-preserving matrices. The only difference here is that we allow nonlinearity f to be Carathéodory instead of continuous. The lines of proof are not effected and therefore the proofs are omitted.
s g s f s, u s ds
Firstly we give conditions which imply that the fixed point index is 0 on the set V ρ .
Lemma 2.2. Suppose that
C 1 -C 5 hold. Assume that there exist ρ > 0 such that f ρ,ρ/c c γ 1 γ 1 D 1 1 − h 21 α 2 γ 2 c γ 2 γ 2 D 1 h 11 α 2 γ 1 1 0 K 1 s g s ds c γ 1 γ 1 D 1 h 21 α 1 γ 2 c γ 2 γ 2 D 1 1 − h 11 α 1 γ 1 1 0 K 2 s g s ds 1 M a, b > 1.
2.33
Then the fixed point index, i K T, V ρ , is 0. Now, we give conditions which imply that the fixed point index is 1 on the set K ρ .
2.34
Then
The two lemmas above lead to the following result on existence of one or two positive solutions for the integral equation 2.20 . Note that, if the nonlinearity f has a suitable oscillatory behavior, it is possible to state, with the same arguments as in 23 , a theorem on the existence of more than two positive solutions. 
Optimal Constants and Examples
Consider the differential equation These results are new and improve and complement the previous ones. Gupta 1 and Yao 4 studied the problem with more general nonlinearity but established existence results only. Davies and co-authors 2 and Graef and Henderson 3 obtain the existence of multiple positive solutions for a 2nth-order differential equation subject to our boundary conditions in the case n 2. In 2 the choice a, b 1/4, 3/4 gives the values η 4 and μ 16 4 which replace our constants m and M 1/2, 1 in the growth conditions of f. The growth conditions of the nonlinearity f f u in Theorem 3.1 in 3 cannot be compared with ours, but we do not require the restriction f 0 / 0.
The next examples illustrate the applicability of our results. Firstly we consider, as an illustrative example, the case of a nonlinear 4-point problem. 
3.8
In this case we have h 11 
